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Abstract. The effects that blowing and suction have on the free convection boundary layer on a vertical surface with
a given surface heat flux are considered. Similarity equations are derived first, their solution being dependent on the
wall flux exponent n and a dimensionless transpiration parameter y, (as well as on the Prandtl number). The range
of existence of solutions is considered, with it being shown that solutions exist only for n > -1 for blowing, whereas
they exist for all n > no for suction, where no < -1 and depends on y. The solutions for strong suction and blowing
are derived. In the latter case the asymptotic structure is found to be different for n in the three ranges
-1 < n < - , - < n < , n > -. Results are then obtained for the non-similarity problem of constant heat flux with
a constant transpiration velocity. Solutions valid for large distances from the leading edge for both suction and
blowing are derived.

1. Introduction

One method of controlling convective boundary-layer flows is to inject or to withdraw fluid
through the porous bounding heated wall. This can lead to enhanced heating (or cooling) of
the system and can help to delay the transition from laminar flow. Previous work on the
effects of blowing and suction on free convection boundary layers has been confined to cases
where there is a prescribed wall temperature. Eichhorn [1] obtained the power-law variations
in wall temperature and transpiration velocity which gives rise to a similarity solution for the
flow on a vertical surface. He presented results for a range of values of his (non-dimensional)
transpiration parameter.

The case of uniform suction and blowing through an isothermal vertical wall was treated
first by Sparrow and Cess [2]. They obtained a solution in series valid near the leading edge.
This problem was considered in more detail by Merkin [3], who obtained asymptotic
solutions, valid at large distances from the leading edge, for both suction and blowing. The
next order corrections to the boundary-layer solution for this problem were obtained by
Clarke [4], who did not invoke the usual Boussinesq approximation. The solutions for strong
suction and blowing on general body shapes which admit a similarity solution has been given
by Merkin [5]. A transformation of the equations for general blowing and wall temperature
variations has been given by Vedhanayagam et al. [6]. The case of a heated isothermal
horizontal surface with transpiration has been discussed in some detail first by Clarke and
Riley [7, 8], and more recently by Lin and Yu [9].

The corresponding case of the free convection boundary-layer flow with suction or blowing
through a porous wall with a prescribed heat flux has not been treated previously, and this is
what we consider here. We discuss two aspects of this general problem. First, we obtain
those power-law dependencies of transpiration velocity and wall heat flux which allow the
governing equations to be reduced to similarity form. These ordinary differential equations
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are then treated in some detail. We find that their solution depends on the two basic
parameters n (the exponent for the variation of wall heat flux) and y' (the non-dimensional
transpiration parameter; y >0 for blowing, y <0 for suction) as well as on the Prandtl
number . We start by considering the range of existence of solution, showing that, for
blowing, a solution exists only for n > -1 (independent of y and oa), whereas for suction a
solution exists for n > no, where no < -1 and where no depends on y and or. We then go on to
obtain asymptotic solutions valid for large lyl. For suction the form of this solution is found
to be independent of n. However, for blowing, the structure of this asymptotic solution
depends on n, with it having an essentially different character in the three ranges -1 < n < -

, - <n , n < , n > . There is an unusual and, perhaps, unexpected aspect of the solution
for n is the range -1 < n <- in that the boundary-layer becomes thin, with a thickness of
O(y -), for y large. In all the other cases reported the effect of blowing is to increase the
boundary-layer thickness.

In the final part of the paper we consider the, perhaps, more realistic case of uniform heat
flux with uniform transpiration velocities. Here the governing boundary-layer equations
cannot be reduced to similarity form and the full partial differential equations have to be
solved. To do this we obtain numerical solutions starting at the leading edge and asymptotic
solutions valid for large distances from the leading edge, being guided in this latter aspect by
the insights gained previously from the similarity solutions.

2. Equations

The equations governing the steady free convection boundary-layer flow on a vertical surface
in a fluid of kinematic viscosity v are, on making the usual Boussinesq approximation,

Ou av
dx ad=y ' (la)

du Ou O2u
u a + u d = g(T - T) + v 2,v (lb)

aT aT v 2T
u' +v =- 2y ' (ic)

where g is the acceleration due to gravity, /8 the coefficient of thermal expansion and aO the
Prandtl number. Co-ordinates x and y measure distance along the wall and normal to it, with
velocity components u and v respectively. T is the temperature of the fluid in the boundary
layer and To is the (constant) ambient temperature.

The boundary conditions to be applied are

aT
v=vu(x), u=O, k=-q(x) on y=O, (2a)

u---, T-.T o as y---o; (2b)

k is the thermal conductivity and v,(x) and q(x) are the transpiration velocity (v, > 0 for
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blowing, v <0 for suction) and heat flux, which can depend on the distance x from the
leading edge.

To make equations (1, 2) dimensionless, we assume that v(x) and q(x) are characterized
by scales v0 and q0 respectively. We then introduce scaled variables

/ VU\1/2U' / V\ 1/2- u2
u = U 0 1iu, I) , TT, = - 0 , (3a)

where I is a streamwise length scale and where U0 is a scale for the free convective flow, and
is given by

U = (( ) 13V) (3b)

Using (3), equations (1, 2) become in dimensionless form (on dropping the bars for
convenience),

8u av
au + a = O. (4a)-x ay

u du a2u
u + y = +-2 (4b)

ax ry ay2

ae aO 1 a20
u- +v-~= ~8y2 ~ (4c)Uax v y r ay2 (4c)

subject to the boundary conditions

V=yvw(x), u=O, oy=-4(x) on y=O, (5a)

u->O, 0-- Oasy-- >, (5b)

where the dimensionless transpiration constant

= 0( v )1/2 = (g (qok))

and where fU(x) and q(x) are dimensionless functions of x.
Equations (4, 5) can be reduced to similarity form in the particular case when

&(X) = X
(n - l ) /

5 q(x) = X
n

, (6)

for a given exponent n. To do this we put

l n = ) 415x(n+4)/5f(71), = 5 ) 1 1 5 x(4n+ )/5h() ,

71 _ =n(5) - (7)
In+45 4 x(n-1)/5

where qi is the stream function defined in the usual way. Note that we must have n > -4 to
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have forward boundary layers, in the sense discussed by Kuiken [10, 11], and hence have
exponential decay in f' and 0 as ---> oo. We will now assume that n > -4 throughout.

Using (7), equations (4, 5) become

f' + h +f I- 2nt+3)f2 =0, (8a)

1 · 1f' 4n +1\ 
h" +fh' - - 4 )f'h = (8b)

The boundary conditions are

f(0)=-y, f'(O)=O, h'(0)=-1, (8c)

f'->0, h-->O as 7-- , (8d)

where primes denote differentiation with respect to -7 and where y has been rescaled by a
factor (5/(n + 4))4/5 . In (8c) y > 0 for blowing and y < 0 for suction.

We start by discussing the similarity equations (8).

3. Similarity equations

In this section we discuss the solution of equations (8a, b) subject to boundary conditions
(8c, d). We assume that n > -4 throughout (for exponential decay of f' and 0) and start by
examining the range of values of n for which a solution to equations (8) exists.

(a) Range of existence of solution

We start by integrating equation (8b) from 7 = 0 to 7-- oo and applying boundary conditions
(8c, d) to obtain

5 + -- 4 ) f'h d + yh(O) . (9)

(A similar result for the case y = 0 has been given by Merkin [12].) Now, to have a realistic
solution with unidirectional flow, i.e. to have f'(7l) 0 and h(-7 )>0 on 0 < , the
integral on the left hand side of equation (9) will be positive as will both terms on the right
hand side for blowing (y > O0). Hence, in this case, we must have

n>-l, yO (10)

for a solution of equations (8) to exist in the required form. For suction (y < O0) this does not
apply and further considerations are required to determine the range of existence of
solution.

To see that equations (8) do in fact have a solution for values of n < -1 we obtained a
numerical solution for y = -0.5. The results are shown in Fig. 1, where we plot f"(O) and
h(O), related to the skin friction and wall temperature respectively, against n (for or = 1.0). A
detailed examination of the numerical results indicates that the solution terminates at a value
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Fig. 1. Graphs of (a) f"(0), (b) h(O) plotted against the exponent n for suction y = -0.5, obtained from a numerical
solution of equations (8).

n = no - 1.187 and that both f"(O) and h(O) remain finite as n- no, though the gradient of
the curves is increasing rapidly as no is approached.

To calculate the value of no we proceed as follows. We put

n=no+E, O<e<1 (11)

and leave equations (8) unscaled, (this is suggested by the numerical results). We then look

for a solution valid for small by expanding

f(r/; E) =f0 (r) + e / 2f1(r/) + ef2( ) + ,
(12)

h(q,; e) = ho(,q) + e1 12 h() + Eh2(71) +' ' .

At leading order we obtain equations and boundary conditions which are essentially
equations (8) the only differences being that n is replaced by no. At O(e 1/2 ) we obtain the
homogeneous problem

F1rr +2n 0 + \ 3 

f"' + hl + f o f' +T f 1 - 2( n +4 )o = 0 ,

1 1h- 4no +41\ , = 
TJO 1 1 ( n-\ o + 4 0 1 ' '"' 

(13a)

(13b)
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subject to the boundary conditions

f(O)=f(O)=h'(O)=O, f->O, h--->O as 77-. (13c)

Now equations (8) have a solution for all values of n - no and for general values of n in
this range the homogeneous system (13) has only a trivial solution. However, for just one
specific value of n (i.e. at n = no) equations (13) do have a non-trivial solution and it is this
requirement that determines the value of no. This has to be done numerically by taking
f "(0) = 1 and then taking no as one of the parameters to be adjusted in the boundary-value
matching program. Reliable estimates for y = -0.5 were supplied from the previous
calculation and the solution could then be systematically advanced to different values of y.
The results are shown in Fig. 2. We can see from this figure that the value of no depends on y
and that no -> -1 as y--->-, while no- -4 as y-- -o. Both of these limiting cases will be
discussed below.

We now return to the problem of finding the solution for small noting that we would not
expect the solution of equations (13) to have f (0) = 1 and that the general solution

(fl, h1, -), with f (O0) = K (say), can be obtained from our particular solution (fl, hi, '7) by
putting

f = Kf 1 , h = Kh, i7=7. (14)

The equations at O(E) are, on using (14),

fT' + h2 + ff + ff - 2 2no + of2

5 , 2[42 ( 2 3
flo2 T2- \ no + 4 IJ'O2

(no + 4)2 f [fJl - n + 4 !]' (ia)

1 /4n o +1\ ,
h' +foh2 +f 2h; - ( n + 4 )(fOh 2 +f2h°)

3 _f'h - Kf - (4n + 1)fhi (15b)
(n 0 +4) 2 f-[--fh](no + 4 If, no+ 4~~~~~~~~~~~(5b

nO

-Le -IA -1.0

7

Fig. 2. A graph of no plotted against y (for r = 1.0). The solution of equations (8) exists only for n > no. The
expansion for small y given by (26a) is shown by the broken line.
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with boundary conditions

f 2 (O)=f2(O)=h(O)=O, f ->O, h2---> as i7->o. (15c)

Now, to solve equations (15) numerically we have first to construct two particular integrals

(fa, ha) and (fb, hb), which satisfy (15c) at 7 = 0 and have f(0) = 0, h,(O) = 0 (i = a, b). For
(fa, ha) we put K = 0 in equations (15a, b) and for (fb, hb) we put K = 1 and remove the first
term on the right hand sides of these equations. We then construct two complementary
functions (fe, he) and (f,, h), by taking f(0) = 1, h(O) = 0 and f(O0) = 0, hd(O) = 1. The
full solution of equations (15) is then

f 2 =Af + fd+fa+ K 2fb, h2 = Ah + hd+ha+K 2hb , (16)

for some constants A and L.

As r--> m, equations (15a, b) show that

Ai
h,--Ai, f,-- C7+Bi (i=1,b,c,d), (17a)

where C = lim, 1_ f0(), and to satisfy the boundary conditions as v-- we must have

AAc + ,iAd + Aa + K2 Ab = 0,

ABc + liBd + B + K2 Bb = 0. (17b)

However, the existence of a non-trivial solution to equations (13), which are the left hand
sides of equations (15), guarantees the existence of a complementary function for these latter
equations which satisfies all the required boundary conditions. Hence we must have

ACBd = AdB, (17c)

and it is then the requirement that equations (17b) are consistent that determines K, which,
with (17c), gives

2 BaAc - AaBcK2 = (17d)
AbBC - BbAC

We can now see why the solution cannot be continued past n = no. Consider a solution of
equations (8) for a general value of n > no. A perturbation to this solution caused by making
small changes in n will be a regular perturbation and the resulting equations, equivalent to
the equations at O(e) in the above, will have a well-defined solution. This can be found from
equations (17b) (with K = 0) which are now consistent since (17c) no longer holds. However
at n = no the equations at O(e) have a complementary function which satisfies all the
required boundary conditions, in fact it was this requirement that determined no, and
equations (17b), with K= 0, are now inconsistent. To remove this difficulty a singular
perturbation, in powers of ,1/2, is needed giving

f"(0) =f (0) + K(n - n) 1 /2
+ ,

(18)
h(0) = h0(0) + Kh,(O)(n - no)" 2 + ,
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as n-> n+ where K depends on y and o. (18) shows the singular nature of the solution at
n = n0 .

We now consider the behaviour of no as y- 0-. A consideration of equations (8) suggests
that we should put

n = -1 + n y15 4 + .. , (19a)

with then

f= 13y-1/4F, h = Iy-H, ; = l-1/41, (19b)

where n is to be determined. We look for a solution by expanding

F(;; y) = Fo(;) + I1'S14F(g) + -- ,

H(;; y) = Ho0 () + Y1I5' 4 Hi,() + * ". (20)

At leading order we obtain the equations

F'; + H o + FoFg - F 2 = 0, (21a)

Ho + FoHo = 0 (21b)

where equation (21b) has been obtained by integrating once and applying the boundary
conditions, which are

F0(0)=0, F (0)=0, H(0)=0, F- >0, Ho- 0 as ;--> (21c)

(primes now denote differentiation with respect to 5). Equations (21) have arisen previously
in [12] where it has been shown that they have a non-trivial solution (Fo, Ho, ), with
F'(0) = 1 and then, for = 1, Ho(0) = 0.87606. The general solution, (Fo, Ho, ) with
F"(O) = L can be obtained from this particular solution by the transformation

Fo = L3o, H = L4/3H 0 , = L1 /3 . (22)

At O(1y1 5
/
4 ) we obtain the equations for (F, H, f), where F1 = F, H = LH, and is

given by (22), namely

2-- , 5 1/3- 2
F' + H + FoFO - 3FoF' + FF 1= gnlL3F2 , (23a)

1 5 05
H' + FH; + FoHl + F'H, + FHo = -nlL FWHo , (23b)

subject to the boundary conditions

F,(O) =1, F(0) =, Hl(O ) =--4 /3 , - F-O,. H 1->0 as ---oo (23c)

Equations (23) have a non-trivial complementary function, F, = Fo + Fo, H = HE + 4/Io
which satisfies homogeneous boundary conditions at ; = 0 and as - o and hence to discuss



On free convection boundary layers on vertical surfaces

the numerical solution of equations (23) we need only consider particular integrals. We
construct three such particular integrals, namely (Fa, Ha) which has Fa(O) = 0, H'(0) = 0 and
the term n1 L 1 3 replaced by unity, (Fb, Ha) which has F(0O) = 1, H;(0) = 0 and the right hand
sides of equations (23) put to zero, and (Fc, He) which has Fc(O) = 0, Hc(O) = -1 and again
the right hand sides put to zero. Now, as --->

Ci-
HiC---> , F' C+ D1 (i = a, b, c), (24a)

Co

where C = limB, Fo. Consequently to satisfy the boundary at -- oo we must have

nL 11 3 Ca + Cb + L 4/ 3 C = 0 , (24b)

nL1/3Da + Db + L-4/3 DC = 0. (24c)

Equations (24b, c) now determine n (and L), as

L4/3 CbD-C.Db 1/3 DbC - CbDc
-- D Cca , nL 1 CaDc - DaC (25)

Numerical integrations of equations (23) give, for o- = 1, Ca = 0.841484, Da = 0.878057;
Cb = 0.605311, Db = -1.576148; Cc = -0.690947, Dc = 3.811802, leading to L = 1.71518 and
n = -0.26683, from which it follows that, for or = 1,

n0o - -1 - 0.266831y15/ 4 + - as y--->. (26a)

Furthermore, from (19b) and (22) we have that, for = 1,

h(0)- 1.79864y-' + --- , f"(O)= 1.715181y1-3/ 4 + .. (26b)

as y0-. A graph of no obtained from (26a) is also shown in Fig. 2 (by the broken line)
where we can see that it is in good agreement with the computed values for y small.

Finally, it remains, in the present context, to consider the nature of the singularity in the
solution as n--> -1 for blowing (i.e. y > 0). This is what we treat in the next section.

(b) Solution as n-- -1 for y > 0

To discuss this case we put

n=-1+6, 0< 6 1 (27)

and take y to be of 0(1). A consideration of equations (8) then suggests that we put

f=S- 1F, h = -4 H, T = - (28a)

and look for a solution by expanding

F(T; 8 ) = F0(T) + F, (T) + -- , (28b)

H(T; ) = HO(-) + 8H1(T) + '"c

273
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At leading order we obtain the system given by equations (21) and boundary conditions
(22), now taking the general solution to have F'(0) = M (say). At 0(6) we obtain equations
(23a, b) but now with n, = 1 (and L replaced by M) and subject to the boundary conditions

F(O) = -y , F(O)=O0, H'(0) = 0, F'-- 0, H--O 0 as Tr-- . (29)

The numerical solution of this problem then requires only the two particular integrals
(Fa, Ha) and (Fb, Hb) with the condition as r ->* giving

M c CaYCb = o, M = (C) . (30)

From the values given previously we find that M = 0.37222y3 for o- = 1. It then follows that

h(O) - 0.23457y 4(n + 1)-4 + ... (31a)

(31b)f"(0) - 0.372227y3(n + 1)- 3 +'''

as n - 1 from above.

(a)

(n+1) 3 f11(o0

n -

(b)

2.0-

1.5-

(n+1 )4 h(o)
1.0-

0.5-

-0.8 -0.6 0.4 -0.2
n

Fig. 3. Graphs of (a) (n + 1) 3 f"(O), (b) (n + 1)
4 h(0) plotted against n for blowing y = 1.0 (shown by the full lines).

The broken lines are the asymptotic values given by equation (31).
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As a check on the above analysis we solved equations (8) numerically for y = 1.0 (and
o = 1) for decreasing values of n. The results are shown in Fig. 3 where we plot (n + 1)3f"(0)
and (n + 1)4 h(0) against n (shown by the full line). The broken lines show the appropriate
asymptotic values given by (31). These graphs show that these asymptotic values are
approached as n- -1 and acts as a confirmation of our theory.

The asymptotic forms (31) will not hold as y ---> 0 where the behaviour for the case y = 0,
as given by Merkin [11], will be recovered. In [11] it was shown that f"(O) is of O((n +
1)- 3 /5) and h(O) is of O((n + 1)- 4'5) as n-* -1. From (31) it then follows that these forms
will hold when y is of O((n + 1) 4/5 ) as n- -1, in line with the results given previously in
(26). A solution can then be developed for both (n + 1) and y small using these scalings.
This follows very closely those already described and is not pursued further here.

We can get further insight into the nature of the solutions of equations (8) by considering
their behaviour as y I --> , and this is what we now do.

(c) Solution for strong suction

Here we obtain a solution of equations (8) for y <0 valid as y -o*. The solutions for
strong suction for the prescribed wall temperature case [3, 5] suggest that we put

f='+ [l-4S, h =ll-'T, = IY17- (32)

On substituting (32) into equations (8), we find that, at leading order

T= e - , (33a)

S 3 _ ( e -e - o e - + - 1 ) -1), ( 33b)

=1-(+ 1) e- , (o-=1). (33c)

(33c) can be obtained directly from the equations or by letting -- 1 in (33b).
From (32) and (33) it then follows that the boundary layer becomes thin, with a thickness

of O(l Il - ) and that

h(0) o-' I -'(1 + O(yI -5)),

f"(O) - o-21Y/- 2(1 + o(IYI-s)), (34)

f() _ -Y + _-3lYI-4 ( 1 + OlI-5),

as Ily I -- - This asymptotic behaviour can be seen in Fig. 4, where we plot values of f"(0),
f(oz) and h(0) against y (for n = 1 and oa = 1) obtained from a numerical solution of equations
(8) (shown by the full lines). The asymptotic solution for lyI large as given by (34) is also
shown (by the broken lines). These figures show that these asymptotic forms are approached
rapidly as y| is increased, and are in close agreement with the numerically determined
values from y -1.6. This is, perhaps to be expected as the error in the leading order terms
is of O(yI-5).

It is worth noting that expressions (33) are independent of the value of the exponent n.
This enters the terms of order (yl -5) in expansion (34). Consequently, equations (8) will

275
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1.0

0.8

f11(o)
0.6

0.4

0.0

2.0 -

1.8 -

f(co)
1.6 -

1.4 -

(a)

(b)

1.2 1.4 1.6 1.87

h(o)
(c)

(b) 0.4 0.8 , 1.2 1 6

Fig. 4. Graphs of (a) f"(O), (b) f(o), (c) h(O) plotted against ly for suction, with n = 1, (r = 1. The asymptotic forms
(34) are shown by the broken lines.

have a solution for all n (provided only that n > -4, the condition required for forward
boundary layers) in the limit as y -y o . This is in line with the results shown in Fig. 2.

(d) Solution for strong blowing

Here we obtain a solution of equations (8) for y > 0 valid as y- oo and where we assume,
from the discussion in the previous section, that n> -1. The numerical solutions of these
equations show that both the skin friction f"(O) and wall temperature h(O) increase and that
the boundary layer thickens as y is increased. To get the initial scalings for this limit we start
by noting that f is of 0(y) and that we expect the leading order terms to be given by the
inviscid versions of equations (8). Now, suppose that h is of O(y') and the boundary layer
has thickness of O(y') as y --> , for some positive exponents r and s to be determined. Then
a balancing of the inviscid (convective) terms, of O(y2-2), and buoyancy force term, O(y'),
gives r = 2 - 2s. Also, the viscous terms are of O(y - (l+s)) relative to the convective terms,

-- , i r i~~~~~~~~~~~~~
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and h'(O) is of O(ys-r). Now, when we come to solve the transformed equations we find that
we must have h'(0) = 0 at leading order (so r > s) and that the perturbations to the leading
order solution from h'(0) and from the viscous terms should be of the same order. This gives
a further relation between r and s, namely r = 2s + 1, then giving r = 3/2, s = .

The above discussion' suggests that we start by putting

f= -y4, h = 3/2 g, y = -1/4Y . (35)

Equations (8) become

44"- _ a 2 + g - Y -5/4, = o, (36a)

4g' - 4' g - f -5/4g = 0, (36b)

where primes denote differentiation with respect to y and where, for ease in the discussion to
follow, we have put a = (2n + 3)/(n + 4) and /3 = (4n + 1)/(n + 4). The boundary conditions
to be satisfied are

(0) = 1, 4'(0)=0, g'(O)= _ - 5 / 4 . (36c)

The outer boundary conditions are relaxed at this stage.
Equations (36) suggest that we look for a solution for y large by expanding

4(Y; ') = 40 (y) + -5 1/4 1,(Y) + .,

g(y; Y) = g0(y) + y -5/ 4 g1(y) +. .. (37)

At leading order we obtain from equation (36b)

0g-fo -3g 0o = 0. (38a)

The solution of equation (38a) subject to the condition, from (36c), that go(0) = 0 is

go = k4 (38b)

for some positive constant k to be determined. We note that (38b) satisfies g(0) = 0, and
that the condition h'(O)= -1 cannot be satisfied at this order. Equation (36a) then gives

4o+0 - ;I 2 + k = 0, (39a)

subject to

40(0) = 1, 40(0) =0. (39b)

Equation (39) can be solved implicitly to get

=( 2k )1/2 2a)1/2 (40a)
'= 4> -,S 0 ) (40a)0--2'- (0- 2 1,2,
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and then

( 2k )1/2 1 dt (40b)

2a -l / o Y = o/2 (40 b)

Note that 2a -/3 = 5/(n + 4) > 0.
Since 2a > /3, (40a) shows that 40 - 0 on 0 - 0 -- 1 and hence 0 is a monotone decreasing

function of y in this interval, and that 4o = 0 at 00 = 0 (as well as at 0 = 1). Furthermore,
the integrand in (40b) is of O(t- / 2 ) as t--->0 and the integral will exist (as an improper
integral) as ---> 0 provided 1 - 83/2 > 0, i.e. n < 7/2. Alternatively, this result shows that 'k0

will be zero at a finite value of y (y 0, say) for n < 7/2, whereas for n 7/2, 0-> 0 only as
y-- e. For n = 7/2 (a = 4/3, /3 = 2) equation (40b) yields the specific solution

= sech3( go = k sech6(Xj y) , (41a)

and then

0 -8exp(-V3y) as y-->oo. (41b)

For n > 7/2 the decay as y ---> is only algebraic, with

k(2a - )21/(2-) y2/( 2- 3 ) as y--oo (42)

For n < 7/2, equation (40b) shows that <o = 0 at y = y, where

Y0=( 2a -_ 1/2 fo dtY = ( k ) Jo (t - t2 a)l/ 2 (43a)

This integral can be evaluated in terms of Beta functions [13], as

/ 2n + 3' 7
=( (n + 4)rl(2 10 7< (43b)

10k 1 (1 ) <2 (43b)

This completes the discussion of the leading order solution and we can now turn to the
terms of O(y -5/4) in expansion (37). We find that we need only consider the equation for g,
at this stage, which is

ogs - /346g, + 54go - 30k;go = - g 'O (44a)

subject to

g1(0) = -1. (44b)

A solution to equation (44a) can be expressed as
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3-1 13A,4>o k 60o (3p - 2)0 - 2( + - 1)>2 (45)
g~ = k40~- 1 + A0 + (2- )o ds (45)

for some constant A 1.
It is the application of boundary condition (44b) that then determines k as

k= (a) , O>0. (46)

We can now see why the perturbations to the leading order solution from the viscous terms
and from the heat flux boundary condition have to be of the same order. The final term in
expression (45) comes from the viscous term in equation (44a) and without this term the
boundary condition (44b) could not be satisfied. Conversely, the inclusion of this term, but
now trying to apply the boundary condition g'(O) = 0 also leads to an inconsistency. Finally,
we note that (46) holds only for > 0, i.e. n > -¼, and the case -1 <n < - will require
further discussion. We can also see from (38b) that a problem arises for n in this range, since
we must have 3 > 0 to ensure that go remains bounded as (0-- 0.

The above discussion shows that we have three separate cases to consider, namely n in the
ranges-1 -n < -, - X < n < a, n > . We start by considering n in the range -X <n < ,
i.e. 0 < 3 < 2. Here, from (35), (38b) (40a) and (46), we have that

( 1) 12Y 1/2 + . (a) 1/2 3/2+ * * (47)

O)--\ +---, h(O)-+ (47)

as y-- o. Graphs of f"(0) and h(0) calculated from a numerical solution of equations (8) for
n = 1 and a 1 are shown in Fig. 5 (by the full lines). Also shown in this figure (by the
broken lines) are the asymptotic forms as given by (47). We can see that the two sets of
curves are approaching each other as y is increased, though the convergence is slow (the
error is from (37), of O(7-5/4)). The agreement was seen to improve at higher values of y
(not shown on these graphs). We note that, for n = 1 (a =/3 = 1) equations (38b) and (40)
give the simple solution.

1 k
0 = (1 + cos(Vk y)), go = (1 + cos( y)), (48a)

with (46) giving k = a /2 , and (48a) giving

Yo = (2)-/2"r, (48b)

in agreement with (43b).
In this case the outer boundary conditions are satisfied at a finite value of y, the point y0

given by (43b), and not smoothly as y---> oo. Thus an outer region is required, which will be
thin relative to the inner region (given by (35)) and in which the viscous terms will be
important at leading order. To get the scalings for this outer region we first have to
determine the forms of 00 and go as y-y. A little calculation reveals that

40 ~/A(Yo - y)2 /(2 -) , go k-tL(yo y)2 t3/(2-/3) , (49)

as y-->yo, where the constant /A = [(2kl2a - 3)1/2(2 - /32)]2/(2 -
0) (with k given by (46)).

For n = 1 (49) reduces to 0 - k12 (yo - y) 2 as can be calculated directly from (48).
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(a)

1.8

1.6

fl(o)
1A.4

1.2

1.0

(b)

h(o)

Fig. 5. Graphs of (a) f"(O), (b) h(O) plotted against y for blowing with n = 1, Cr = 1. The asymptotic forms given by
(47) are shown by the broken lines.

To get the scalings for this outer region we note that the solution must match with (49) at
its inner edge, and that all the terms in equations (8) must balance. This leads us to write

f= (2-n)/6 , h = 2(2-n)/3G/
4y + y(n-

2
)

6
y (50)

Substituting (50) into equations (8) gives

'" + G + <,¢" - a' 2 = 0, (51a)

1
- G" + IG' - /3'G = 0, (51b)

where primes now denote differentiation with respect to Y. The boundary conditions are that

d'-0, G-0 as Y-->oo, (51c)

and, from (49) on matching with the inner region, that

( ._(-Y) 2 1(2 - 3) , G kxG(-Y ) 2p / (2- t3) as Y-- -c. (51d)
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The solution of the shear layer equations (51a, b) subject to boundary conditions (51c) and
matching conditions (51d) then completes the solution (at least to leading order).

It is worth noting that the scalings for this outer shear layer, given by (50), depend on the
exponent n. This is somewhat unusual and did not occur in the prescribed wall temperature
case [5]. Also, this shear layer has a thickness of (y( n -2 )/6 ) which is thin relative to the
inner inviscid region, of thickness O( 1/4), only for n <I which is the case we are
considering. For n =: (i.e. P = 2) the solution is given by (41) with k given by (46), and has
exponential decay as y - . A consideration of the higher order terms in the expansion
suggests that these will also all have exponential decay at infinity and hence the complete
solution is given by the solution in the inner region, with no further outer region being
required.

Now consider the case n > 7 (/3 > 2). Here the solution in the inner region is still given by
(40) but now y0 -o o and the behaviour of 40 (and hence go) for large y is given by (42), with
k given by (46). The decay is now only algebraic and we expect [14] that the higher order
terms in the expansion will lead to algebraic growth at large y. We find this to be the case and
a further outer region is required to achieve the outer boundary conditions (through
exponential decay). The thickness of this outer region will be large in relation to the inner
region and the scalings for it are essentially the same as (50), though the independent
variable Y is not now centred on y 0. Thus, in this case, we write

f= (2-n)/6() , h = 2(2-n)/
3 G , 7 = (n-2)/6y. (52a)

Substituting (52) into equations (8) leads again to equations (51a, b) to be solved subject to
boundary conditions (51c). However, the matching with the inner region, now leads to the
inner boundary conditions that

( = _/ y-2/(3-2) + . .. , G = - kPY - 2 /( - 2) + ' as Y--0O, (52b)

with /a as defined above. The solution of this problem given by equations (51a, b, c) and
(52b) then completes the solution to leading order. Before leaving this case we note that the
thickness of the outer region is still of O(y (n -2 )/6) but this is now large relative to the
thickness of the inner region.

Finally we have to consider the case -1 < n < -. Here P < 0 and the solutions given
previously for n > - cannot apply and a new structure is required. Numerical solutions of
equations (8) for n = - show that the boundary thickness decreases as y is increased in
contrast to the previous cases where it increased with increasing y. This suggests that the
viscous terms will be important to leading order. To obtain the scalings for this case, we will
still have f of O(y). If we again assume that h is of O(yr) and that the boundary layer has a
thickness of O(ys) then a balancing of all the terms in equation (8a) gives 1 - 3s = r = 2 - 2s,
i.e. s = -1, r=4, so that the boundary layer has a thickness of O(y -) and the wall
temperature is large, of 0(y 4).

The above suggests that we put

f=y,, h =y 4 g, y=7, (53)

with equations (8) becoming

O'F" + g + 4(Af" - o 02 = 0 ,
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1
g" + g' - 34'g = 0, (54b)

subject to the boundary conditions

4(0)=-1, '(O)=0, g'(0)=-y-5 , '-0, g-0 as y--. (54c)

Conditions (54c) suggest that we look for a solution by expanding in powers of y -. The
leading order terms satisfy equations (54a, b) and conditions (54c) with g'(0) = 0. A
numerical solution gives, for o- = 1, g(0) = 1.10544 and 4"(0) = 0.83005. Hence,

f"(0)-0.83005y3 + , h(0)-1.10544y 4 + ... as y--o. (55)

We solved equations (8) numerically for n = - (and o- = 1) for increasing y. The results
are shown in Fig. 6 (by the full lines) where we plot y -3f"(0) and y -4h(0) against y. These
curves can be seen to approach the constant values (shown by the broken lines) as suggested
by (55) for increasing y and confirms the above theory. Note that the approach to this
asymptotic solution is much more rapid than was previously seen for n = 1. This is to be
expected as here the error is much smaller, (y -5).

(a)

30

2.0

¥3 f'1(o)

1.0

0.0

6

Y4h(o) 

1.2 16 20 2.4 2.8 32 3.6

Y

(b)

o

Fig. 6. Graphs of (a) y -3 f"(0), (b) y -4h(0) plotted against y for blowing with n = -0.5 and o- = 1. The asymptotic
forms given by (55) are shown by the broken lines.
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We have now completed our discussion of the similarity equations (8) and we consider
next the case of uniform wall heat flux with a uniform transpiration velocity.

4. Uniform wall conditions

Here we obtain a solution of equations (4) subject to the boundary conditions (5b) and that

v=-1, u=O, -=-1 on y=O (56)

(throughout this section the upper sign will be taken for blowing and the lower sign for
suction). This problem does not have a similarity solution and to obtain a solution valid for
all x > 0 the governing equations have to be solved numerically. The first step in obtaining
such a numerical solution is to make a transformation of equations (4) appropriate to the
solution for x small. To do this we put

= + X4/f(xq), l), = x 5 h(x,r), ) =yx
1 /5 . (57)

Equations (4) become

a3f 4 - 15 0 2f 3 af2 (af a
2f af a2 f\

0 3f + h + 5f x2 fa a a ax axa2 (58a)

1 a2h 14 - ah 1 af a Of ah f Oah
- 2 + f +X -- x a (58b)0, an2 ( 5 ) oln 5 oil an x ax '1 

subject to the boundary conditions

Of Oh Of
f=, af=0, ah=-1 on 71=0, -f0, h->0 as 71-o. (58c)

071 017 a7

Equations (58) show that the behaviour for small x is given by the solution for uniform
wall heat flux without transpiration, given previously by Sparrow and Gregg [15]. Transpira-
tion effects give an O(x1' 5) correction to this and lead to an expansion in powers of x1X5. This
is straightforward to obtain and is not pursued further, except to note that to develop the
numerical solution from x= 0 we must use a streamwise variable = x' /5, with equations
(58) being transformed accordingly, to accommodate the fact that derivatives with respect to
x become infinite as x--> 0.

The numerical method we used is essentially the same method that we have used
successfully on other similar boundary-layer problems and is described in a little detail in
[16]. We started the solution from x = 0 using equations (58) (with x replaced by ) and
integrated forwards until x = 1 ( = 1), where we reverted to solving the original equations
(4). The velocity and temperature profiles calculated at x = 1 from equations (58) were used
as starting profiles for the solution of equations (4) for x > 1 and thus a smooth transition
from one solution regime to the other was achieved. We decided to adopt this strategy rather
than use a continuous transformation of variables, as suggested by Hunt and Wilks [17], in
order that the behaviour for large x might be more clearly seen, and so as not to impose any
particular form of behaviour on the solution for large x.
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(a) Suction

Consider first the case of suction. The results obtained from the numerical integration of
equations (4) and (58) are shown in Fig. 7 where we give plots of the skin friction
parameters %, = (u/dy)y= o and the wall temperature o, = O(x, 0) against x (for o = 1). We
can see from this figure that ---> 1 very rapidly, and that , --> 1, slightly more slowly, as x is
increased. Also, the numerical results showed that the solution became uniform in y for
large x, with the boundary layer having a constant thickness and the velocity and
temperature profiles being dependent only on y.

To examine this behaviour in more detail we put

qi(x, y) = x + to(y) + (x, y) , = (y) + h(x, y) , (59)

where (x, y) and h(x, y) are small for x large. Equations (4) give

o 0~+e,+yr d(oa (60a)

(a)

12-

1 0 -

, 0.8 -

0.6 -

0.4 -

02-

05 1 0 1.5 2.0 2.5 30 35 4.0 4.5
X

(b)

1.4

12

1.0

Ow 08

0.6

04

0.2

0 5 1.0 1.5 20 2.5 3.0 3.5 40 45
X

Fig. 7. Graphs of (a) skin friction r, (b) wall temperature O,, for uniform suction and uniform wall heat flux, with
(r = 1, obtained from a numerical solution of equations (4) and (58). The asymptotic solution is shown by the
broken line.

-------------------------------------------
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0;+ 00 = 0, (60b)

which have solution, satisfying

o0(0)=0, (O)=0, 0(0)=-1, --- >0, 000 as y-o, (60c)

as

00 = O e- , (61a)

o. _ 1) [e-°Y - o e- y + ct - 1 ), (61b)

=l-e -Y - y e-Y (o=l). (61c)

From (61) we see that

1 1
r --2T 1 as x -> , (62)

and these are the results shown in Fig. 7.
Next we consider the equations for o(x, y) and h(x, y). Since these are small for x large

products of terms involving g and h can be neglected to leading order. This leads to linear
equations and we look for a solution of these by putting

+(x, y) = e-x¢(y), h(x, y) = e-XH(y). (63)

The eigenvalue A is then found from the system

1"' + H + ¢D" + A(4I4'' - g~f) = 0, (64a)

- H" + H' + A(ItH - (D) - 0 (64b)

with boundary conditions

· (0)=0, '(0)=0, H'(O)=O, '--->O0, H-->O as y--. (64c)

The form of solution (63) could also involve a power of x, see, for example, Stewartson [18],
though the dominant behaviour will be given by the exponential.

It is readily seen that the eigenfunctions and h cannot be an inverse power of x
multiplied by the corresponding functions of y. For if this were the case then the equations
for 4D and H would be (64a, b) with the terms involving A put to zero, and these cannot have
a non-trivial solution satisfying boundary conditions (64c).

The problem then is to find the largest value of A which gives a non-trivial solution to
equations (64). This had to be done numerically, forcing a non-trivial solution by taking
D"(0) = 1. The resulting eigenvalues A were seen to depend on the Prandtl number o. and are
shown in Fig. 8. For = 1, we found A = 0.40048, and as is increased the largest
eigenvalue also increases rapidly, while for < 1, it decreases rapidly. This shows that the
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(a)

0.1 0.2 0.3 0.4 0.5

Prandtl Number

1.2 1.6 2.0

Prandtl Number

Fig. 8. The largest eigenvalues A calculated from equations (64) plotted against Or, (a) o- < 1, (b) or 1.

rate of approach to the asymptotic profiles (61), which is of O(e-
A(c)x) for x large, will

increase rapidly with increasing Prandtl number.

(b) Blowing

The results obtained from solving equations (4) and (58) for the case of blowing through the
wall are shown in Figs. 9 and 10. In Fig. 9 we give graphs of r7, and , for small x. The
singular behaviour as x-> O in T,, of O(X21 5 ), and O,,, of O(x/1 5), given by (57), can clearly be
seen in these graphs. In Fig. 10 we give plots of r, and 0, for larger values of x; note that in
these figures they are plotted against logx. Figure 10 shows that both the skin friction and
the wall temperature increase with x. The numerical results also show that the boundary-
layer thickness increases with x and that the velocity and temperature profiles develop a
two-layer structure with there being a thick inner region next to the wall made up chiefly of
fluid blown through the wall and a much thinner outer shear layer at the outer edge of which
the ambient conditions are attained.

To complete the discussion we derive a solution of equations (4) valid for large x. We start
by obtaining the scalings for the inner region, in which we assume that the temperature is of
O(x') and the boundary layer has a thickness of O(xS), for some positive exponents r and s
to be found. Now, in this inner region which will be basically inviscid, the stream function f
is of O(x), with a balancing of convective and buoyancy force terms then giving r = 1 - 2s.

0.12 -

0.08-

0.04-

(b)

06
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12-

x 8-

4-

2.4 2.8

-
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002 0.04 006 008 0.10

X
Fig. 9. Graphs of skin friction and wall temperature 0. for small x obtained from the numerical solution of
equations (58) with o- = 1.
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Fig. 10. Graphs of (a) skin friction , (b) temperature , obtained from the numerical solution of equations (4)
and (58) with =1. The asymptotic solution (79) is shown by the broken line.

To obtain a further relation between r and s we are guided by the previous work on the
similarity solutions. Here we found that the perturbations to the leading order solutions
arising from the wall heat flux boundary condition and from the viscous terms had to be of
the same order. Applying this condition here gives -s = s - r, and hence r =, s = .
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The above suggests that for this inner region we put

= -x+(x, ~), =x]2g(x, ), =y/x/4, (65)

with equations (4) becoming

a2 f 3(df 2 gX-11 4 a3 f =x(f f 2f af a2f (66a)
fa 2 4 ak a+ ax ax3 2

gn 1 Of X-l/4 a2g (aaf ag Of ag)f-- = v_____k(66b)
f d; o' d ff ax ax d '

subject to the boundary conditions

Of ah -1/4
f=l =, =-1/4 on =0, (67)

the outer boundary conditions are relaxed at this stage.
Equations (66, 67) suggest looking for a solution by expanding

f(x, 5)=fo(5) +X-/14fi() + .,

g(x, 5) = go(;) + x-1 4gl(3) + . (68)

At leading order we obtain the equations

fog - 2f g = 0, (69a)

fo - fo2 + go = 0, (69b)

subject to

f0 (0) = 1, f(0) =0, g(O0) =0, (69c)

(primes now denote differentiation with respect to 5). The solution of equation (69a) is

go = Kf , (70)

for some constant K to be determined. Equation (69b) can then be solved to get

f = -(f1/ 2 -f3/2 )1 12 , (71a)

and then implicitly to

' = (tl /2 -t32)12 (71b)

Solution (71) satisfies f(O) = 1, f(O0) = 0 and has fo zero again at ; = o where
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dt
= Jo= (t' 2 t3/2)1/2 ( 4I)! (72)

i.e. at 0 = 1.695K-1/2
As for the similarity solutions the value of K is determined from a consideration of the

equations for next term in expansion (68). Again we need consider only the equation for g,
which is, using (70),

1 k 1/2, 3 1
gl -q~g, ' ( -(/2f Wl) +- " 0/. (73)

The solution of equation (73) can be expressed as

g Afl/4 K -1/ 2f- K O2f ; 1 +f -
g = A - fo' d- (74)gi 2 o 1 4ar 0 t o/40f

for some constant A 1. Now (74) satisfies the boundary condition g'(O)= -1 only if

K = V . (75)

The solution given by (71) satisfies the outer boundary conditions only at a finite value 50
of 5, given by (72) and an outer shear layer is required to achieve a smooth transition to
ambient conditions. To obtain this we need the behaviour of f0 and go as ---> C0, which we
find to be

f0- (0-)4 g--/3 4 ( -) 2 /3 (76)

We then require an outer (shear layer) region centred on y = o0x1 /4 in which the viscous
terms are important at leading order and which should match with (76). A consideration of
the terms in equations (4) then suggests that we should put

q =x 617 F(x, Y), 0 = 317 G(x, Y), Y = y/x1 17 (77)

where y =y - ox/4
If we substitute (77) into equations (4) and use Prandtl's transposition theorem we arrive

at equations for F and G which we solve by expanding in powers of x - 1 /4. The leading order
terms of this expansion, Fo(Y) and Go(Y), satisfy the equations

F' + G + aFFo - F 2 = 0, (78a)

1 6 3
Go + -FoGo - yFoGo = 0, (78b)

subject to the boundary conditions

F-0, Go--O as Y-- 7
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and, on matching with the inner region, that

F ( 24) (-Y) 41 3
, G ( ) (_y) 2 13 as Y -. (78d)

The solution of the problem defined by equations (78) then completes the description of the
asymptotic behaviour of the solution for blowing to leading order.

From (65), (70), (71) and (75) we have that

T.,-x
1 / +, 0 ,HE--V x2+ " , (79)

as x . Graphs of T, and 0, given by (79) are also shown in Fig. 10. We can see that the
agreement between these asymptotic values and numerical solution is reasonable, better for
T, than for 0w, though in both cases the convergence between the two sets of results is slow.
This is to be expected as the error in (79) is O(X1

/4) and extremely large values of x, beyond
the scope of the numerical integrations, are required before this is small in relation to terms
of O(XI"2).

5. Discussion

We have considered the effect that the injection or withdrawal of fluid has on free convection
boundary layers on vertical surfaces with prescribed wall heat flux. We have examined two
particular aspects of this problem in detail, namely those wall fluxes and transpiration
velocities which give rise to a similarity transformation and the case of constant wall
conditions.

In the former case we found that the solution depended on two basic parameters the
power-law exponent n and a dimensionless transpiration parameter y (as well as on the
Prandtl number). We showed that the similarity equations had a solution (of the required
forward boundary-layer type) only for n>-1 for all y >0 (blowing), this result being
independent of the Prandtl number. For y < 0 (suction) we found that a solution existed for
all n > no, where no was determined by the solution of a system of equations and depended
on both y and the Prandtl number, with n<-l for y<O0. The range of existence of
solution of the corresponding similarity equations for the prescribed wall temperature case,
first proposed by Eichhorn [1], has not been examined. For the case without transpiration it
has been shown in Merkin [12] that this range of existence depends on the Prandtl number
and that the structure of the solution close to the corresponding no is essentially different to
that found for the prescribed heat flux case. Hence, it is reasonable to expect differences
between the two cases when transpiration effects are included.

We then examined the behaviour for strong suction and for strong blowing. For strong
suction, asymptotic profiles were found, similar in character to those found previously for the
prescribed wall temperature case [3, 5]. However, for strong blowing the situation was
essentially different to that found for the prescribed wall temperature case. The structure of
the solution for large y depended on the value of n, with different behaviour in the three
ranges -1<n < n<-, -: < n < 7~, n > . In the first case (-1 < n < - 4) the boundary layer
became very thin (with a thickness of O(y-')) and both the wall temperature and the skin
friction became large, of O('y4 ) and O(y3) respectively. This feature has not been reported
before for boundary layers subject to blowing through the wall where it is usually seen, for
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example in [6, 19, 20], that the fluid blown through the wall creates a thick inviscid inner
region, with there then being a thinner outer (shear) layer before the ambient conditions are
attained. The thinning of the boundary layer with n in this range for large injection rates is
unexpected.

The normal situation of a thick inviscid inner region with a thin viscous shear layer seen
previously for large injection rates is found to apply when n is in the range - < n <:.
However, for n > the boundary-layer structure is again different. There is still the inviscid
inner region of thickness O(y 1/4), but now the viscous effects are manifested in a thicker
outer region, of extent of O(, 1/4+(2"-7)/12). The solution for large injection rates has not
been examined in detail for the prescribed wall temperature case and the question as to
whether the form of the asymptotic structure is dependent on the value of n is still an open
one.

We then considered the, perhaps, more realistic case of constant heat flux and constant
transpiration velocity. This case does not admit a similarity solution and the governing
equations have to be solved numerically. This was done using a standard numerical
technique and presents no difficulties. We then derived solutions for large x (distance from
the leading edge) for both suction and blowing. In the former case the solution followed
fairly closely that found previously for the isothermal wall case [3]. However, differences
between this and the present case were seen in the asymptotic solution for blowing. Here we
found that the wall temperature became, large, of O(xl'2 ), as x-* -. Also, we needed to be
guided by our previous study of the similarity equations in order to ascertain correctly the
structure of the asymptotic solution.
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